A Z 2 −graded analogue of bracket-generating distribution is given. Let D be a distribution of rank (p, q) on an (m, n)-dimensional graded manifold M , we attach to D a linear map F on D defined by the Lie bracket of graded vector fields of the sections of D. Then D is a bracket-generating distribution of step 2, if and only if F is of constant rank (m − p, n − q) on M .
Introduction
A smooth distribution D ⊂ T M is said to be bracket-generating if all iterated brackets among its sections generate the whole tangent space to the manifold M, [1, 8] . D is a bracket-generating distribution of step 2 if D 2 = T M, where D 2 = D + [D, D]. Bejancu showed that a distribution of rank k < m = dimM is a bracket-generating distribution of step 2, if and only if, the curvature of D is of constant rank m − k on M, [1] . In this paper, a Z 2 −graded analogue of bracket-generating distribution of step 2 is given. Some differences arise in the graded case due to the presence of odd generators. Given a distribution D of rank (p, q) on an (m, n)-dimensional graded manifold M , we attach to D a linear map F on D defined by the Lie bracket of graded vector fields of the sections of D. Then D is a bracket-generating distribution of step 2, if and only if F is of constant rank (m − p, n − q) on M . In particular, if rankD(z) = (m − 1, n), then for the linear map F = F 0 + F 1 associated to D, F 0 = 0 and if rankD(z) = (m, n − 1), then F 1 = 0 on M .
Preliminaries
Let M be a topological space and let O M be a sheaf of super R-algebras with unity. A graded manifold of dimension (m, n) is a ringed space M = (M, O M ) which is locally isomorphic to R m|n , (see [6] ) . Let M and N be graded manifolds. Let φ : M → N be a continuous map such that φ * :
where for a homogeneous element x of some graded object, |x| ∈ {0, 1} denotes the parity of x (see [6] ). A vector field on M is a derivation of the sheaf
The O M −module T M is locally free of dimension (m, n) and is called the tangent sheaf of M . A vector field is a section of T M .
If Ω 1 (M ) := T * M be the dual of the tangent sheaf of a graded manifold M , then it is the sheaf of super O M -modules and
It is called the cotangent sheaf of a graded manifold M , and the sections of Ω 1 (M ) are called super differential 1-forms [2, 6] .
there is an open subset U over which any set of generators
of free generators of DerO M , [3] . We attach to D a sequence of distributions defined by,
where
As in the classical case, we say that D is a bracket-generating distribution, if there exists an r ≥ 2 such that D r = DerO M . In this case r is called the step of the distribution D.
Suppose that X,Y ∈ D and consider the linear map on D as follows:
With respect to the above local basis
then, by using (2.3), we conclude that are nonsingular supermatrices of smooth functions on U ∩U. Both of these matrices are even. With respect to the basis
is invertible at x ∈ U ∩U, we see that
is invertible and from (2.5) we conclude that if
then rank D(x) = rankD(x) . Now we can define the rank of F, which is related to its coefficients matrix. Before doing this, in view of (2.4), we note that the submatrices
are even and odd respectively. The rank of the first submatrix can be defined but for the second submatrix, since D a µi (x) andD α iµ (x) are even,
to define its rank. Now set
, where i, j = 1, ..., p, a = p + 1, .., m and µ, ν = 1, ..., q, α = q + 1, ..., n. Thus we define
If (qā, ξμ ) are local supercoordinates on a coordinate neighborhood U of x ∈ M, (ā = 1, ..., m,μ = 1, ..., n), then D is locally given by the graded 1-forms
Since D is a distribution of rank (p, q), we may assume that the submatrices (φā b ), 1 ≤ā,b ≤ p, and (φμ α ), 1 ≤ᾱ,μ ≤ q are invertible. Let the matrix ψ = (ψ • • ) denotes the inverse of the matrix φā bφμ b φā αφμ α , 1 ≤ā,b ≤ p, 1 ≤ᾱ,μ ≤ q and supposē φā = ψb a φb +φμ a φμ ,φᾱ = φb α φb +φμ α φμ .
Therefore, the new notation
for the coordinates, may be performed to bring the local basis of 6) are (respectively even and odd) generators of D on U and {δ /δ x i , δ /δ η µ , ∂ /∂ y a , ∂ /∂ ζ α } is a local basis for Der(O M (U)), (see also [4, 5] ). With respect to this basis, if we put
then by using (2.3) and (2.6), we deduce that
Now let us consider a distribution D of corank one on M . For each z ∈ M, there are two cases. Case1. Let rankD(z) = (m − 1, n). Then there exist a coordinate system (x i ,t, η µ ), i = 1, ..., m − 1, µ = 1, ..., n, defined in a neighborhood U of z, such that D is locally given by dt + r i dx i + r µ dη µ = 0.
Case2. Let rankD(z) = (m, n − 1). Then there exist a coordinate system (x j , η ν , θ ), j = 1, ..., m, ν = 1, ..., n − 1 defined in a neighborhood U of z, such that D is locally given by dθ + r j dx j + r ν dη ν = 0.
Note that in the first case, (2.8) becomes
where F i j , F ν j , F iµ and F ν µ are the local components of F with respect to the local basis {δ /δ x i , δ /δ x µ , ∂ /∂t}.
Bracket-generating distribution of step 2
In this section, we want to find the conditions under which a distribution D is bracket-generating of step 2. As mentioned in the previous section, we attach to D a linear map F on D defined by the Lie bracket of graded vector fields of the sections of D. We will have several types of possibilities for the rank of F. Using this, we find conditions to describe the problem.
Then D is a bracket-generating distribution of step 2, if and only if, the linear map F associated to D is of constant rank (m − p, n − q) on M .
Proof. Let x ∈ M. Suppose D is a bracket-generating distribution of step 2 and let {δ /δ
. This means that the number of linearly independent graded vector fields of the set {[
(respectively n − q). Therefore the coefficient matrix, the matrix consisting of the coefficients of the Lie brackets of graded vector fields
having the rank m − p, is invertible. Similarly, the coefficient matrix
the matrix consisting of the coefficients of the Lie brackets of graded vector fields
, and this matrix is even). Hence associated with F is the graded vector field, represented by the matrix
, (modD), relative to the above basis. It is clear that rankF(x) = (m − p, n − q).
Conversely, suppose that x ∈ M and rankF(x) = (m − p, n − q) on M . Let {δ /δ x i , δ /δ η µ , ∂ /∂ y a , ∂ /∂ ζ α } be a basis of DerO M (U) in a coordinate neighborhood U of x. Consider the coefficient matrix of the graded vector fields F( δ δ x i , δ δ x j ) and F( δ δ η µ , δ δ η ν ), which is even and denoted by
Note that its rank is m − p, otherwise F would not be a map of the given rank. Thus there are two non-negative integers r and s such that r + s = m − p and rank(F a i j (x)) = r, rank(F α µν (x)) = s. Hence we may assume that the submatrices G = (F a i j (x)), 1 ≤ a , j − 1 ≤ r, i < j and J = (F α µ ν (x)), 1 ≤ α , ν − 1 ≤ s, µ < ν , are both invertible. Therefore, the submatrix,
is invertible.
Similarly, consider the coefficient matrix of the graded vector fields F( δ δ x i , δ δ η µ ), which is odd and its rank is n − q. We denote it by
Since rank(F α iµ (x)) = n − q, we may assume that the submatrice (F α i µ (x)), 1 ≤ µ − 1 ≤ n − q, i < µ , is invertible. We thus consider
Given the matrices (3.3) and (3.4), we may change the generators of
. Thus D is bracket-generating of step 2.
By using Theorem (3.1) we can easily prove the following theorems. Proof. Since rankD(z) = (m − 1, n), there exist a coordinate system (x i ,t, η µ ), i = 1, ..., m − 1, µ = 1, ..., n, defined in a neighborhood U of z, such that D is locally given by {δ /δ x i , δ /δ η µ } and {δ /δ x i , δ /δ η µ , ∂ /∂t} is a local basis for DerO M . Therefore, according to the Theorem 3.1, the coefficient matrix,
has the rank 1. Hence F 0 = 0. Proof. Since rankD(z) = (m, n − 1), there exist a coordinate system (x i , η µ , θ ), i = 1, ..., m, µ = 1, ..., n − 1, defined in a neighborhood U of z, such that D is locally given by {δ /δ x i , δ /δ η µ } and {δ /δ x i , δ /δ η µ , ∂ /∂ θ } is a local basis for DerO M . Therefore, according to the Theorem 3.1, the coefficient matrix,
has the rank n. Hence F 1 = 0. Proof. The details are the same as those given in the proof of Theorem 3.1.
Example 3.5. Consider the graded manifold M = R 3|1 . Let (x i ,t, η), i = 1, ..., 2 be local supercoordinates on a coordinate neighborhood U of x ∈ R 3 . Suppose that D is the distribution spanned by δ δ x 1 , δ δ x 2 and δ δ η where
A 
